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Abstract 

In this paper by using the method of point canonical transformation we find that the Coulomb 
and Kratzer potentials can be mapped to the Morse potential. Then we show that the Poschl- Teller 
potential type I belongs to the same subclass of shape invariant potentials as Hulthen potential. 
Also we show that the shape-invariant algebra for Coulomb, Kratzer, and Morse potentials is 
SU(1, 1), while the shape-invariant algebra for Poschl- Teller type I and Hulthen is SU(2). 
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I. INTRODUCTION 



It is known that all analytically solvable potentials in quantum mechanics have the prop- 
erty of shape invariance^. In fact shape invariance is an integrability condition, however, 
one should emphasize that shape invariance is not the most general integrability condition 
as not all exactly solvable potentials seem to be shape invariance to 2,3 . An interesting fea- 
ture of supersymmetric quantum mechanics is that for a shape invariant system^ the entire 
spectrum can be determined algebraically without ever referring to underlying differential 
equations. 

In this paper we briefly describe supersymmetric quantum mechanics, then by using the 
method of point canonical transformation we find that the Coulomb and Kratzer potentials 
can be mapped to the Morse potential. The Kratzer potential 7 we consider in this paper 
has played an important role in the history of the molecular and quantum chemistry and 
it has been so far extensively used to describe the molecular structure and interactions^. 
After that we show that the Poschl- Teller potential type I belongs to the same subclass 
of shape invariant potentials as Hulthen potential. The Hulthen potential 8,9 is one of the 
important short-range potentials in physics. This potential is a special case of the Eckart 
potential^ which has been widely used in several branches of physics and its bound-state 
and scattering properties have been investigated by a variety of techniques. 

II. SUPERSYMMETRY QUANTUM MECHANICS AND SHAPE INVARIANCE 

According to the factorization method^^, the quantum mechanical Hamiltonian, after 
subtracting the ground energy, is written as the product of an operator A and its Hermitian 
conjugate, A 1 



H — En = A ] A 



(1) 



where Eq is the ground state energy, and A, A* are given by 



.4 




(2) 




(3) 



By definition ([T]) the ground state wave function satisfies the following condition 



i|Vo >= 



(4) 
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Since the ground-state wave function ij)o(x) for a bound state has no node, it can be written 



as 



iP ( x ) = e -^f w ^ dx (5) 
Using (jl]) we have the following supersymmetric partner Hamiltonian 

Hx = A 1 A, H 2 = AA 1 (6) 

The corresponding potentials are given as 



Vi = W\x) - (7 ) 

V 2 = W*( X ) + ^ d -^ (8) 
The Hamiltonian in (JTJ) is called shape-invariant^ if the following condition is satisfied: 

A( ai )A\ ai ) = A\a 2 )A{a 2 ) + R(a ai ) (9) 

where ai, and a 2 represent the parameters of the Hamiltonian. One can rewrite the above 
condition in term of the partner potentials as: 

V 2 {x,a 1 ) = V 1 (x,a 2 )+R{a 1 ) (10) 

shape-invariant problem was formulated in algebraic terms in^. We assume that replacing 
01 by a 2 in a given operator can be achieved with a similarity transformation 

f^O^f- 1 ^) = 0(02) (11) 

There are two classes of shape-invariant potentials. For the first class the parameters a\ and 
a 2 of the two suppersymmetric parameters are related to each other by translation^^ 

a 2 = ai + r] (12) 

For the second class, the parameters a\ and a 2 are related to each other by scaling^^ 

a 2 = qai (13) 

For the first class the operator T(ai) of (TTTT) is given by 

f(a 1 ) = e v ^ J f-\a l ) = f\a l ) (14) 



In the second class, the similarity transformation (fTTj) is given by following operator 

S( ai ) = e lnqai ^ J S-\a!) = &( ai ) (15) 

By introducing new operators 

B + = A t (ai)f*(oi), B_ = B\ = f t (a 1 )i(a 1 ) (16) 

the Hamiltonian can be rewritten as 

H - E = A^A = B + B_ (17) 
Using Eqs.Q and ({TBI) , one can obtain following commutation relation 

[B_,B + ]=R(a ) (18) 

where 

a n = a + nrj or a n = q n a (19) 

also following identities 

R{a n ) = T(a 1 )R(a n ^ 1 )T\a 1 ), R{a n ) = S'(ai) J R(a„,_i)S' t (ai) (20) 

valid for any n. By using Eqs. fU6|20l) we can establish the commutation relations 



[H, B»] = (R( ai ) + R(a 2 ) + ... + R{a n ))B n + (21) 

[H, Bl\ = -B n _ (R( ai ) + R(a 2 ) + ... + R(a n )) (22) 

means that, 5" \ipo > is an eigenstate of the Hamiltonian with the eigenvalue R(ai) + R(a 2 ) + 
. . . + R(a n ). The normalized eigenstate is 

1 1 1 

IVV >= B + x ... x ^=B + x B + \jj > (23) 
y/R( ai ) + ... + R(a n ) + ^R( ai ) + R(a 2 ) + ^ 



In addition to the oscillatorlike commutation relations Eq. (12111 one gets the commutation 
relations 

[B + , R(a )} = {R( ai ) - R(a )}B + (24) 
[B + , [B + , R(a )}} = ({R(a 2 ) - R( ai )} - {R( ai ) - R(a )})B 2 + (25) 

and so on. 



III. MAPPING OF KRATZER AND COULOMB POTENTIALS TO THE MORSE 
POTENTIAL 



Consider the following potential (We are using units with h = 1, 2m = 1.) 

V(a;) = -^ + A + 7 (26) 
If we take a — (3 — 1 and 7 = 0, we obtain the Kratzer potential as 

V(x) = -(- - - 2 ) (27) 

x x 

in another case we take a = e 2 } (3 = 1(1 + 1) and 7 = in this case the potential (|26|) 

is as 

e 2 Z(Z + 1) e 4 

which is equivalent with Coulomb potential in 3-Dimension Schrodinger equation in spherical 
coordinates. 

At first, we briefly review the method of mapping of shape-invariant under point canonical 
transformation. For given potential of Eq. (|26|) . one can write the Schrodinger equation as 

d 2 

{-— + V(a i ;x)-E(a i )}ilj(a i ;x) = (29) 
dx A 

here ctj are the set of parameters of given potential Eq. (1261) . Under a point canonical 
transformation, as following 

x:=f(z), ifj(ai, x) := g (z) ^(af, z) (30) 

the Schrodinger equation (|29l) is transformed into 

{-fl + " 2 + (- ^ " -)f 2 (V(a t ; f(z)) - E(a t ))Mar, z) = (31) 

dz 2 f g dz g f g 

or in the familiar form as 

d 2 ~ 
{-^ + V(a i -z)-E(3 i )}^(a i -z) = (32) 

in which a« represent set of parameters of the transformed potential, and the prime denotes 
differential with respect to the variable z. To remove the first-derivative term from Eq. (1311) . 
one requires 

g(z) = Cy/fW (33) 



Using Eq. (|33|) and comparing Eqs. (13011311) we obtain 

rv.-H+ , , , 



~ ~ 1 3 f" f" 

Via,, z) - E(a t ) = /' 2 {V^; f(z)) - £(«,)} + ^{^f - ^} (34) 



By substitution Eq. (126]) into Eq. (1341) . we have 



1/(5,; z) - flfa) = f 2 (-y + L + 7 - E) + ^(yj) 2 - ^} (35) 

We consider 

/(*) = e~ z (36) 
by this selection, one can define a point canonical transformation as 

f(z) = e- z 

g(z) = e-f (37) 



with above transformation, we can rewrite Eq. (1351) as 

y (5,; 2) - = ( 7 - E + ^ e' 2z - a e~ z + ((3 - i) (38) 

which is like to Morse potential. In other words, by acting the point canonical transformation 
Eq. ( 1371) on the potential of Eq. ( |26l) . that can explain the Kratzer and Coulomb potentials, 
we obtain the Morse potential. In this situation we are looking for this potential's algebra. 
For Morse potential 

V(z) = e- 2z - 2be~ z (39) 

the superpotential is 

W(z; an) = a n - e~ z (40) 
Therefore the reminder in Eq. (TlOl) is given by 



R(a n ) = 2{a n - 1) (41) 

where 

a n = b - (n + i) (42) 

One can use Eq. (TT9l) 

i2(a n ) - i?(a n _i) = -2 (43) 



6 



Therefore, the commutation relation of Eq. (|25|) will vanish. Now, we define the following 
dimensionless operators 

K := Ir{oo) (44) 

and 

K ± := ±=B ± (45) 

where B± has defined by Eq. (fl6|) . One can find that the shape-invariant algebra for these 
potentials is SU(1, 1) 

[K + ,K-] = i[J3+,S_] 
= 2(~R(a )) 

= -2K (46) 
[K ,K ± ] = -±=[R(a ),B ± ] 

= ±K± (47) 

IV. MAPPING OF HULTHEN POTENTIAL INTO POSCHL-TELLER POTEN- 
TIAL 1 

The Hulthen potential has the following form (we are using units with h = 1, 2 m = 1 ) 

V(r) = - j4^z; (48) 
for mapping of this potential, we consider 

f(z) = -2 In [cos (49) 
by this selection, one can define a point canonical transformation as 

f(z) = — 2 In [cos z] 



g (z) = y/-2 In [cos z\ (50) 
with above transformation, we can rewrite Eq. (|35l) as 

Vioii] z) - E(ai) = A{E - 1) - -(1 + 16 E) sec 2 z + - esc 2 z (51) 



which is like to Poschl- Teller potential 1. For Poschl- Teller potential 1 

V(z) = -(A + B) 2 + A(A - 1) sec 2 z + B(B - 1) esc 2 z (52) 
the energy eignestates are given by 

E n = (A + B + 2n) 2 - (A + B) 2 (53) 
Therefore the reminder in Eq. fflOl) is given by ( One can find R(a n ) = E n — E n -i) 

R(a n ) = 4(2n + A + B - 1) (54) 

One can use Eq. (fTUl) 

R{a n ) - Rian-x) = 8 (55) 

Therefore, the commutation relation of Eq. fl25|) will vanish. Now, we define the following 
dimensionless operators 

K := ^R(a Q ) (56) 



and 



K± := \B ± (57) 



where B± has defined by Eq. ffTB"]) . One can find that the shape-invariant algebra for these 
potentials is £77(2) 

[K+,K-] = \[B+,B-) 

= 2Ko (58) 

[Ko,K±] = Y^[R(ao),B ± ] 
lb 



±K± (59) 



V. CONCLUSION 



For exactly solvable potentials of nonrelativistic quantum mechanics, eigenvalues and 
eigenvectors can be derived using well known methods of supersymmetric quantum mechan- 
ics. In this paper the Schrodinger equation with some potentials (Coulomb, Kratzer, with 
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Morse and Poschl- Teller type I with Hulthen) has been studied and we have shown that 
such potentials can be easily inter-related among themselves within the framework of point 
canonical coordinate transformations as the corresponding eigenvalues may be written down 
in a closed form algebraically using the well known results for the shape invariant potentials. 
Also we have shown that the shape-invariant algebra for Coulomb, Kratzer, and Morse po- 
tentials is SU(1,1), while the shape-invariant algebra for Poschl- Teller type I and Hulthen 
is 577(2). We must mention that the Morse potential is also related with the SU(2) group 
except for SU(1,1) one, to see the SU(2) group approach refere to^. 
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